We study, numerically and analytically, linear and nonlinear waveguides induced by optical vortex solitons in a Kerr medium. Both fundamental and f irst-order guided modes are analyzed, as well as cases of effective defocusing and focusing nonlinearity. 
Optical vortices are stationary beams (spatial solitons) that are self-trapped in two spatial dimensions and have phase singularity, a nonlinear analog of wavefront dislocations. 1 One application of spatial optical solitons is to induce stable nondiffractive steerable waveguides that can guide and direct another beam, thus creating a reconfigurable all-optical circuit.
In spite of many theoretical 2, 3 and experimental 4 results for soliton-induced waveguides in planar structures, the waveguiding properties of optical solitons in a bulk medium have to our knowledge not been studied in detail. It is important to note that one-dimensional dark solitons are more attractive for waveguiding applications because of their greater stability and steerability. 1 Their two-dimensional generalization, optical vortices, may have a number of potential applications in trapping small particles 5 as well as in waveguiding. Preliminary numerical and experimental results 6, 7 indicate that many of the vortex waveguiding properties should be similar to those of planar dark solitons. In this Letter we carry out a systematic analysis of the waveguides created by vortex solitons in a Kerr medium. We examine two regimes. In the linear regime, the guided beam is weak and analysis of waveguiding properties is possible by approximate analytical methods. The nonlinear regime corresponds to the large intensities of the guided beam and gives rise to composite, or vector, solitons with a vortex component, identified and analyzed numerically. The effect of a focusing nonlinearity on a guided mode is also investigated.
We consider the stationary evolution of two incoherently coupled beams with frequencies v 1 and v 2 propagating in a bulk Kerr medium. The evolution of the slowly varying beam envelopes E 1 and E 2 is described by the normalized equations
where D Ќ is the transverse Laplacian, h v 2 2 ͞v 1 2 , k k 2 ͞k 1 , and k 1, 2 2p͞l 1, 2 is the propagation constant of the beam with frequency v 1, 2 . The field amplitudes and the propagation distance z are measured in units of k 1 ͑n 0 jn 2 j͒ 1/2 and k 1 n 0 , respectively, n 0 is the linear refractive index, and n 2 characterizes an intensity-dependent change in the refractive index, Dn n 2 jEj 2 . Equations (1) can describe two different physical situations: the interaction of beams of two different frequencies (k and h are arbitrary) and the interaction of two orthogonally, linearly or circularly, polarized beams of the same frequency ͑h k 1͒. In this Letter we consider the latter case in detail. We assume that beam E 1 exhibits defocusing nonlinearity, whereas beam E 2 exhibits either defocusing ͑g 11͒ or focusing ͑g 21͒ nonlinearity; the latter situation may occur for two orthogonally polarized beams in a photorefractive medium. 9 The parameter s . 0 measures the relative strengths of cross-and self-phase modulation effects. In general, its value depends on the physical nature of the nonlinearity, the anisotropy of the medium, and the polarization state of the beams. For example, for linearly polarized beams in a Kerr-type material with a nonresonant electronic nonlinearity and cubic anisotropy, s 2͑2x xxyy 1 x xyyx ͒͞3x xxxx , where x ijkl are the elements of the third-order susceptibility tensor. In isotropic materials, x xxxx 2x xxyy 1 x xyyx , and the values of s are fixed, namely, s 2͞3 and s 2 for linearly and circularly polarized beams, respectively. Other values of s are possible, for instance in the case of nonlinearity that is due to molecular orientation, s 7.
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We assume that envelope E 1 carries a single-charged vortex on a nonvanishing background field jE 1 j E 0 , whereas field E 2 is spatially localized and describes either the fundamental or the first-order mode guided by the vortex. Then we look for radially symmetric solutions in the form
where R p 
where D r ϵ d 2 ͞dr 2 1 ͑1͞r͒d͞dr is the radial part of the Laplacian and r RE 0 . For any s and l, Eqs. (3) admit of a vortex solution in the form u u 0 ͑r͒, v 0. Here we are interested mainly in the case of a singlecharged vortex; thus n 61. For fixed s and h, the family of composite solitons ͑u, v͒ formed by a vortex and its guided mode is described by a single parameter, l. For jvj ϳ e ,, 1, the second of Eqs. (3) becomes a linear eigenvalue problem with an effective potential created by the vortex. For g 11, the potential is attractive, and it may support spatially localized solutions, guided modes, each of them appearing at a certain cutoff value of l. For g 21, the potential is repulsive (antiwaveguiding case), and no guiding is possible in the linear limit.
Away from the cutoff point, the amplitude of the guided mode grows, and the linear waveguide approximation is no longer valid. In this nonlinear waveguiding regime 3 the guided mode deforms the supporting vortex waveguide, and together they form a composite vector soliton. To identify the families of such solitons we find, numerically, localized solutions of Eqs. (3) with the asymptotics u ! 1 and v ! 0 as r !`. As was previously established for s 2, 6 there are different solutions of this type, classif ied by the order of the guided mode. Here we describe the entire existence domain for such solutions in the physically relevant region of parameters.
Several examples of the coupled-mode solutions for g 11 and m 0, i.e., when the vortex guides a fundamental mode, are shown in Fig. 1 . The regions of existence of all possible solutions of this type are also presented in Fig. 1 on the parameter plane ͑s, l͒, where points a-d correspond to the prof iles shown below.
In the parameter plane ͑l, s͒, the cutoff of the fundamental mode is characterized by curve s͑l͒ (thick curves, Fig. 2 ). Near this curve, the amplitude of the guided mode is small and the linear waveguiding regime is valid. Linearizing Eqs. (3) about the vortex solution, we obtain two decoupled equations:
where only the terms ϳe are retained in the equation for the guided mode and the effective guiding potential W 0 ͑r͒ 2su 0 2 ͑r͒ is def ined by the vortex shape. Because vortex prof ile u 0 ͑r͒ is not known in an explicit form, an exact analytical solution of the eigenvalue problem for mode v͑r͒ is not available. However, an estimate of the guided-mode cutoff can be obtained by a standard variational technique. First, we determine the vortex shape, using a simple trial function u 0 ͑r͒ tanh n ͑ar͒ and an effective Lagrangian for the first of Eqs. (4):
The averaged Lagrangian is then found as the integral ͗L͘ a
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R aR 0 L u ͑x͒dx, where x ar, calculated in the limit R !`. Variation of ͗L u ͘ with respect to a yields the result that a n 21 ͕ R0 x͓1 2 tanh 2n ͑x͔͒ 2 dx͖, valid for any n. This variational solution provides the best fit to the numerical solution for n # 3. Then the shape of the effective potential created by a single-charge vortex is determined by u 0 2 ͑r͒ tanh 2 ͑0.554r͒ ഠ 1 2 exp͑2r 2 ͞4͒. To find the cutoff for the fundamental mode guided by the vortex from the second of Eqs. (4), we take into account the e 2 -order correction to the vortex-induced waveguide that is due to a nonzero v amplitude,
Assuming a trial function of the form v͑r͒ B exp͑2r 2 ͞b 2 ͒, and varying the averaged effective Lagrangian for the v mode, with respect to b and B, we obtain a simple analytical expression for the cutoff:
Reasonably good agreement of this result with the numerically calculated cutoff can be seen in Fig. 1 . The properties of the vortex-induced waveguides and the corresponding composite solitons are different, depending on whether s , 2 or s . 2 (see Fig. 1 ). In the latter case, the amplitude of the guided mode grows with decreasing l [Figs. 1(a) and 1(b) ] and the vortex waveguide becomes broader, as in the case of one-dimensional dark solitons. 3 The amplitude of the guided mode reaches the vortex background far from the cutoff (dashed curve, Fig. 1 ) and goes above the background value before the solution expands and disappears (dotted curve, Fig. 1, top) . Close to this limit the solution corresponds to a type of polarization domain wall. 6 Its expansion with changing l is rapid; hence the border of the existence region (dotted curve, Fig. 1, top) is determined by the accuracy of numerical integration. For s , 2 the situation is similar as l increases, but the amplitude never reaches the background before the solution disappears on the other border (dashed curve, Fig. 1 ).
Next we examine the guiding of the first-order mode by an optical vortex; i.e., we take m 61 in Eqs. (3) . The existence domain for such solutions is shown in Fig. 2 (left) . In the case s 1, Eqs. (3) represent a two-dimensional generalization of a completely integrable one-dimensional Manakov system. 11 Remarkably, the waveguiding properties of a two-dimensional Manakov vortex resemble those of a one-dimensional Manakov dark soliton. That is, the induced waveguide supports a single mode, and the first-order mode exists only at l s 1.
Although for s . 1 the vortex-induced waveguide is expected to guide higher-order modes, the corresponding composite solitons are likely to be dynamically unstable, at least in the nonlinear regime shown in Fig. 2(b) . As l decreases away from the cutoff, the amplitude of the guided mode grows and the waveguide becomes broader [ Fig. 2(b) ] until its shape resembles that of a radially symmetric domain wall. 6 The solution disappears when its localization region is no longer finite.
Finally, we brief ly discuss the case of a focusing nonlinearity, i.e., g 21 in Eqs. (1) . Although no bound modes of the vortex antiwaveguide can exist in the linear regime ͑jvj , , 1͒, the numerical results suggest that for large intensities of the bright component mutual trapping is possible. This effect is similar to that of nonlinear antiwaveguides assisted by an external potential. 12 Stationary solutions shown in Fig. 3 (right) for a fixed s appear when an absolute value of l (l , 0 for g 21) exceeds a certain threshold value (solid curve, Fig. 3 ). Away from this border, the amplitude of the bright soliton increases.
Our results can be readily generalized to the case of beams of different colors, h fi 1. For the limit of linear waveguiding, the effective coupling constant changes to hs [see Eqs. (3)], and the properties of the vortex waveguide become dependent on the frequency ratio.
In conclusion, we have analyzed the waveguiding properties of optical vortex solitons in Kerr media and shown that they depend crucially on the relative strength of the cross-and self-phase modulation effects. We have identif ied families of composite solitons formed by a vortex and its guided mode with or without a topological charge and introduced a simple technique for determining the cutoff of the guided mode by a variational approach that can be applied to other problems of nonlinear waveguiding.
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